A thorough study is performed of the analytical properties of the fermion determinant for the case that the time components of (axial) vector fields do not vanish. For this purpose the non-Hermitian Euclidean Dirac Hamiltonian is generalized to the whole complex plane. The Laurent series are proven to reduce to Taylor series for the corresponding eigenvalues and -functions as long as field configurations are assumed for which level crossings do not occur. The condition that no level crossings appears determines the radius convergence. However, the need for regularization prohibits the derivation of an analytic energy functional because real and imaginary parts of the eigenvalues are treated differently. Consistency conditions for a Minkowski energy functional are extracted from global gauge invariance and the current field identity for the baryon current. Various treatments of the Nambu-Jona-Lasinio soliton are examined with respect to these conditions.
Introduction and Motivation
In the past few years the picture of baryons as being soliton solutions in effective meson theories has proven to be quite successful [1] . As an example we refer to the appealing explanation of the almost vanishing matrix element of the axial singlet current for the proton, i.e. the so-called "spin-puzzle" [2] .
The investigation of the baryon structure in soliton models was started off by the consideration of the large N C (number of color degrees of freedom) limit [3] of Quantum Chromo Dynamics (QCD), the theory generally accepted to describe processes being subject to the strong interacting. In this limit QCD was shown to be equivalent to an effective theory of weakly (O(1/N C )) interacting mesons. Witten furthermore conjectured that baryons emerge as (topological) solitons of this meson theory [4] . At small energies (or large distances) this effective theory should only contain the low-lying meson states, e.g. the pseudoscalar would-be Goldstone boson of chiral symmetry (π, K, η). A further requirement when modeling QCD was to maintain its symmetries, especially the chiral symmetry and its spontaneous breaking. These ideas were brought to practice by the rediscovery of the Skyrme model [5] by Adkins, Nappi and Witten [6] . The Skyrme model represents an effective theory of the pseudoscalar pions (and kaons in the three flavor generalization) and admits topological soliton solutions. In the spirit of Witten's conjecture the baryon number current, B µ , was identified with the topological current [7] .
Soon after this, vector mesons were added to the scenery in a way consistent with chiral symmetry [8, 9, 10] . This has turned out to be especially pleasing since it brought together the fruitful concept of vector meson dominance (VMD) and the soliton picture of baryons [11] . In particular the isoscalar-vector ω-meson was shown to play a crucial role. It is directly connected to the baryon current via the stationary condition which generically reads
Here D µν denotes a kinetic operator (e.g. ∂ µ ∂ ν − g µν ∂ ρ ∂ ρ ), which depends on the specific form of the model and g is a coupling constant. For the time component, µ = 0, eqn (1.1) is rather a constraint than an equation of motion. VMD then implies to identify the isoscalar part of the electromagnetic current as [12] with e being the electric charge * . Transforming (1.1) to momentum space it is straightforward to verify that the isoscalar radius of the nucleon is given by [11] Jona-Lasinio (NJL) [13] has acquired special attention [14] . The associated Lagrangian
is chirally symmetric. Here q denotes the quark spinors,m 0 the current quark mass matrix and N f the number of flavor degrees of freedom. The latter will be taken to be two from now on. As the coupling constants G i carry dimension (mass) −2 the model is not renormalizable. This requires regularization and introduces an additional parameter, the cut-off Λ. For a sufficiently large coupling G 1 the model indeed exhibits spontaneous breaking of chiral symmetry [13] . This feature is reflected by a non-vanishing quark condensate.
The Lagrangian (1.4) can be rewritten in terms of composite meson fields by functional integral techniques [15] . This procedure is referred to as bosonization. In order to make these functional integrals well behaved it is mandatory to impose Feynman boundary conditions or, equivalently, to perform these integrals in Euclidean space. In Euclidean space the time-coordinate is analytically continued to x 0 = −ix 4 = −iτ . It also implies to continue the time components of the vector (V µ ∼qγ µ q) and axial vector (A µ ∼qγ µ γ 5 q) fields V 0 → iV 4 , A 0 → iA 4 (1.5) and consider τ, V 4 and A 4 as Hermitian quantities. In Euclidean space the bosonized action finally is given as the sum of a purely mesonic term
and a fermion determinant A F = Tr log(iD / E ) = Tr log (i∂ / + V / + γ 5 A / − (P R Σ + P L Σ † )) (1.7)
i.e. A NJL = A F +A m . Here P R,L = (1±γ 5 )/2 are the projectors on right-and left-handed quark fields, respectively. The complex field Σ describes the scalar and pseudoscalar meson fields, S ij = S a τ a ij /2 and P ij = P a τ a ij /2: Σ = S + iP . There is no problem with treating A m as it obviously is analytical in the meson fields. This, however, is not the case for A F . As a matter of fact A F is (in Euclidean space) not a real quantity and thus may be decomposed into real (A R ) and imaginary (A I ) parts positive definite. Thus the proper-time regularization [16] prescription may be applied to A R resulting in the replacement
Expanding the fermion determinant in terms of the meson fields and their derivatives leads to an effective meson theory [15] . As this object is, by construction, a polynomial in the meson fields the analytic continuation back to Minkowski space is well defined. The resulting meson theory reasonably well describes the physics of the pseudoscalar and vector mesons. Furthermore this theory has many features in common with Skyrme type models which are supplemented by vector mesons.
This effective theory also allows one to express physical quantities like the pion decay constant f π in terms of the cut-off Λ and the constituent quark mass ‡ m = Σ . In case the axial meson degrees of freedom are ignored this relation reads in the gradient expansion [15] (1.10)
In practice the physical value f π = 93MeV will be employed to determine Λ for a given constituent quark mass m.
Later on it was also demonstrated that the bosonized version of the NJL model contained static soliton solutions which extremize the Minkowski energy functional [17] . For the investigation of static field configurations the introduction of a Dirac Hamiltonian in Euclidean space, h E , via
is useful because [∂ τ , h E ] = 0. The Euclidean energy functional is then expressed in terms of the eigenvalues of h E . First calculations were constrained to the pseudoscalar mesons. Subsequently the isovector-vector [18] and axial vector mesons [19] were added. The associated field configurations have vanishing temporal components V 4 = 0 and A 4 = 0 rendering h E an Hermitian operator. Thus the extraction of a Minkowski energy functional from the one in Euclidean space is straightforward. In this context it should be remarked that especially the inclusion of the axial vector meson provides further support for Skyrme type models because it turns out that then the valence quark orbit joins the Dirac sea and the baryon number is completely carried by the distorted Dirac vacuum [19] . The analytic structure of the energy functional changes drastically when the isoscalar vector ω-meson is included. In this case the soliton configuration involves a non-vanishing temporal component leading to a non-Hermitian operator h E . So far three distinct approaches to include the ω-meson into the static energy functional of the NJL model have been discussed in the literature [20] - [24] . It is the main purpose of the present paper to illuminate the role of the ω-meson in the NJL soliton model and to study the behavior of the corresponding fermion determinant under transformations which mediate between Euclidean and Minkowski space. The above mentioned importance of the ω-meson for the description of static baryon properties requires a clarification of the situation. ‡ The difference m − m 0 = −2G 1reflects the spontaneous breaking of chiral symmetry.
The remainder of this paper is organized as follows. In section 2 we investigate the analytical properties of the eigenvalues and -vectors of h E . In section 3 we briefly review the derivation of the Euclidean energy functional and show that the analytic continuation which should transform this object to Minkowski space does not exist. In section 4 requirements on the Minkowski energy functional from a phenomenological point of view are derived. Furthermore several definitions for the Minkowski energy functional are discussed. Numerical simulations for the eigenvalues of h E show that treating the ω-meson up to quadratic order represents a reasonable approximation. Using this result, it is argued that the same approximation for the Euclidean energy functional is pertinent. Then a Minkowski energy functional can actually be derived. The study of this approximation is presented in section 5. In that section we also demonstrate that counting powers of the ω-field in the eigenvalues of h E leads to incorrect results for the module of the fermion determinant. As a matter fact, these misinterpretations are related to the appearance of D / † E in the regularized version of the fermion determinant. Concluding remarks may be found in section 6 . Technical details on the perturbative expansion used in section 5 are discussed in an appendix.
Analytic Properties of the Dirac Hamiltonian
In the introductory section we have argued that it is mandatory to analytically continue forth and back from Minkowski to Euclidean spaces in order to obtain a meaningfully regularized energy functional. In the present section we will discuss the consequences of this continuation on the eigenvalues and -vectors of the static Dirac Hamiltonian h E which can be extracted from eqn (1.11).
As inferred from eqn (1.5) the time components of the (axial) vector meson play the key role for the study of the analytic properties. The ansätze for the static meson field configurations are characterized by the fact that they commute with the grand spin operator G. This operator denotes the sum of total angular momentum (orbital plus spin) and isospin, i.e. G = l + σ/2 + τ /2. Demanding in addition the proper behavior under parity the time component of the axial vector has to be zero while that of the vector field reduces to purely radial function ω(r). In Euclidean space the Dirac Hamiltonian may then be decomposed as
Here h Θ denotes the Hermitian part of h E , i.e. h † Θ = h Θ . Let us, for the time being, consider the simplest case when only pseudoscalar fields are present. The corresponding field configuration is assumed to be of hedgehog type
Later on we will also consider the case when ρ and a 1 fields are present as well. However, for the general discussion of the analytical properties the restriction to Θ and ω proves to be illuminating. For this discussion we generalize the Dirac Hamiltonian to an operator which depends on the complex variable z
The Euclidean space Hamiltonian, h E then corresponds to z = i while the one in Minkowski space is associated with z = 1. We will refer to these values of z as Euclidean and Minkowski points, respectively. Except for the Minkowski point as well as z = −1, h(z) is non-Hermitian. In general we therefore have to distinguish between left (Ψ ν (z)) and right (Ψ ν (z)) eigenstates
Of course, the eigenvalues, ǫ ν (z), and -vectors, |Ψ ν (z) , parametrically depend on z.
Adopting the set of free spherical grand spinors as basis [25] the matrix elements of h Θ and ω turn out to be symmetric. Since h † (z) = h(z * ) the eigenvalues and their complex conjugate are related via
Furthermore a phase convention may by chosen such that the wave-functions are related by
For later discussions it will be useful to define real and imaginary parts of the eigenvalues
It is the main issue of this section to explore the z-dependence of the eigenvalues and -vectors once profile functions Θ(r) and ω(r) are made available. Of course, these test profiles can be chosen arbitrarily, however, they should (at least) be physically motivated. For convenience we will employ the profile functions displayed in figure 5.2 and constrain ourselves to the case m = 400MeV. The reader may consult section 5 on the origin of these profiles. Here it suffices to remark that the ω field satisfies an equation analogous to (1.1) and is thus properly normalized. In order to study the behavior of the eigenvalues (and -vectors) in the complex plane defined by z we parametrize z = δexp (iϕ) with 0 ≤ ϕ ≤ 2π.
(2.9) Obviously δ = 1 and 0 ≤ ϕ ≤ π/2 parametrizes the continuation from Minkowski to Euclidean space and vice versa. However, we will consider δ as a parameter in order to determine the radius of convergence in the complex z-plane. A priori it is not obvious that the energy eigenvalues exhibit any kind of analytic structure as these are roots of the characteristic polynomial (See e.g. appendix C of ref. [24] .). This polynomial is in principle of infinite degree and only the restriction to a finite basis renders this degree finite as well. In figure 2.1 the dependence on δ for two different energy eigenvalues is shown. On the left the energy of the valence quark orbit is displayed. This orbit is, by definition, the one with the smallest absolute value of the real part of the energy eigenvalue. I.e. the valence quark state is associated with the smallest |ǫ R ν | (see also section 3). The valence quark state is distinct since in the presence of static meson fields it is the one which deviates most strongly from a free quark state. Obviously the valence quark energy represents a smooth function of ϕ for δ ≤ 1 while for δ = 2 the derivative ∂ǫ val /∂ϕ becomes singular.
At the "edges" ϕ assumes the values ±0.32π. These singularities are, however, not the consequence of a non-analytic behavior of the roots of the characteristic polynomial but rather a level crossing appears. For |ϕ| ≤ 0.32π a state with negligible ϕ-dependence carries the smallest |ǫ R ν |. For |ϕ| > 0.32π the role of the valence quark is then taken over by an orbit which strongly depends on ϕ. Numerically we have confirmed that for the test profiles under consideration such level crossings in the valence quark channel are avoided as long as δ < 1.3. This radius of convergence suggests that for the relevant parameter space (δ = 1) the eigenvalues of the Dirac Hamiltonian are analytic functions of z. This result was already obtained previously [26] . This is furthermore supported by considering other levels than the valence quark state. These actually possess a less pronounced dependence on ω and have thus a larger radius of convergence. As an example the energy of the state with the smallest |ǫ R | in the channel with grand spin and parity G π = 2 + is displayed in figure 2.1. For this energy the radius of convergence is obviously larger than two.
There is actually a much more elegant technique to investigate the analytical structure of the eigenvalues and especially to extract the radius of convergence. As these eigenvalues are supposedly analytic in z the corresponding Laurent expansion
should exist. Here z 0 serves as the center of the expansion and may refer to any point in the complex plane. The Laurent coefficients c ν,n (z 0 ) are defined by the Cauchy integrals
with z 0 being in the interior of the integration contour ∂A, i.e. z 0 ∈ A. Employing the parametrization ζ = δe iϕ + z 0 these Cauchy integrals become ordinary integrals
The computation of the integrals (2.12) obviously requires the eigenvalues of
in the interval 0 ≤ ϕ ≤ 2π. Analyticity is then equivalent to the fact that the coefficients c ν,n (z 0 ) do actually not depend on δ. On the other hand the c ν,n (z 0 ) are useful tools to determine the radius of convergence at z 0 . For this purpose we start off with a small value for δ, numerically compute the eigenvalues of (2.13) and subsequently the integrals (2.12). Next the calculations are repeated assuming a somewhat larger value for δ. As long as δ is sufficiently small the c ν,n (z 0 ) are indeed independent of δ. However, as a critical value is exceeded the c ν,n (z 0 ) vary with δ. This critical value has to be identified as the radius of convergence at the point z 0 . For the valence quark orbit the results of this calculation are displayed in table 2.1. Again we have employed the test profiles which have been mentioned above. For the interpretation of this table (and similar once which will follow) it should be stressed that the entry "0.00" means that this value is zero up to the given accuracy. On the other hand the entry "0" implies that the corresponding coefficient vanishes identically up to numerical uncertainties which usually are of the order 10 −8 . Evaluating the Laurent coefficients associated with an expansion around the origin of the complex plane we conclude that the radius of convergence for the energy of the valence quark energy eigenvalue lies in between 1.2 and 1.5. In the region of convergence the Laurent series actually reduces to a Taylor series without any poles. Then the analytic continuation from Euclidean to Minkowski space is unique for this eigenvalue. However, as will be discussed in the next section, the physical relevant situation is somewhat different. The fermion determinant is defined in Euclidean space only. Thus one has to perform a Laurent expansion around z 0 = i. The results for the coefficients stemming from this calculation are also shown in table 2.1 and demonstrate that for this expansion the radius of convergence is less than 1.2. Taking into account that the distance between the Euclidean and Minkowski points is √ 2 we see that it is not possible to carry out the required continuation for the valence quark level, at least for the test profiles considered here. Again this non-analyticity originates from a level crossing as discussed above. Thus the identification of the valence quark level does not necessarily symbolize an analytic operation. For orbits other than the valence quark the continuation is less problematic because their response to the ω-profile is significantly weaker. As an example we have again considered the lowest state in the 2 + channel. As can be inferred from table 2.2 the dependence of the corresponding energy eigenvalue on z is almost negligible.
There is one more conclusion which can be drawn from the results listed in tables 2.1 and 2.2. In the region of convergence only those Laurent coefficients are sizable which correspond to a constant or linear dependence of the eigenvalues on z. In addition a small but non-vanishing quadratic piece may be present. This observation may be translated into the statement that the functional dependence of the energy eigenvalues on ω is at most quadratic. Of course, this again depends on the test profiles. However, our computations indicate that this is a generic feature for ω-meson profiles which are in some way related to the quark baryon current and hence are properly normalized.
We have performed similar investigations not only for the eigenvalues but also for the eigenstates of h(z) (see eqn (2.5)). The symmetry of h Θ and ω in the standard basis straightforwardly relates left and right eigenstates by complex conjugation. It is thus sufficient to only consider the behavior of the right eigenstates in the complex z plane. For the valence quark wave-function we display the dependence on z = δexp(iϕ) in figure 2.2. Again we observe that the dependence is analytical for δ ≤ 1.0 and that for δ as large as 2.0 the identification of the valence quark level exhibits an arbitrariness. Although the somewhat shaky curve for the lower component seems to suggest some kind of non-analyticity even for δ = 1.0 this is actually not the case as we have verified by computing the Laurent series in analogy to (2.10) .
At the end of this section we thus arrive at the statement that except for the identification of the valence quark state the diagonalization of h(z) results in analytic expressions for its eigenvalues and -functions. For the identification of the valence quark state the radius of convergence is comparable to the distance between Euclidean and Minkowski points and depends on the center of the Laurent expansion. The identification will not cause problems if the self-consistent ω-meson profiles turn out to be less pronounced than the test profiles considered here. Having computed a self-consistent solution it will be necessary to verify that the corresponding profile functions do not cause any level crossing for the valence quark state and the associated non-analytic behavior is avoided on the path from Euclidean to Minkowski spaces. Otherwise the solution has to discarded.
Analytic "Properties" of the Energy Functional
In the previous section we have examined the analytic properties of the eigenvalues and -states of the one particle Dirac Hamiltonian (2.4) in the complex z-plane. Here we will investigate how (or whether at all) these properties propagate to the energy functional. For this purpose we will briefly review the derivation of the energy functional in Euclidean space and also emphasize on an important issue when evaluating the imaginary part of the action, A I , see eqn (1.8).
Ignoring for the moment the regularization of the fermion determinant associated with the Hamiltonian (2.4) it can formally be written as [27, 28] 
Here T denotes the Euclidean time interval under consideration. C(T ) refers to a constant of proportionality which does not depend on the eigenvalues ǫ ν . Hence its explicit form is of no further relevance for our present investigations. The sum goes over all possible configurations {η ν } of (anti) quark occupation numbers η ν = 0, 1. The quantitiesǭ ν are defined in terms of the real and imaginary parts of the eigenvalues of ǫ ν (see eqn (2.8))
The limit T → ∞ projects out the vacuum energy
from the exponential. Eqn. (3.1) provides a natural definition of the valence quark part of the energy
It should be noted that the unregularized fermion determinant (3.1) actually is a function of the energy eigenvalues ǫ ν = ǫ R ν + iǫ I ν rather than of their real and imaginary parts separately. Thus the complete fermion determinant (i.e. when the sum over all sets of occupation numbers is carried out) would represent an analytic function of z if it were finite and as long as the eigenvalues were analytic functions of z. For practical calculations, however, one considers only configurations with a definite baryon number
This corresponds to restrict oneself to a special set of occupation numbers without carrying out the associated sum. Then an explicit dependence on a subset of the quantities ǫ ν will induce a non-analyticity if sgn(ǫ R ν (z)) = sgn(ǫ ν (z) + ǫ ν (z * )) changes along the path connecting Euclidean and Minkowski spaces. From the discussion in the previous section it should be clear that such a change is most likely to happen for the valence quark orbit. All other states possess a sizable |ǫ R ν | which is only slightly affected by the ω-meson. Let us for the moment consider the case with baryon number B = 1. The corresponding field configurations usually admit one distinct quark level which is referred to as the valence quark orbit. The static energy corresponding to a configuration where this state is occupied is hence given by
As already mentioned above, the states other than the valence state are almost unaffected by the ω-field. In particular only sgn(ǫ R val ) might vary when performing the analytic continuation. According to (3.5) the restriction to B = 1 demands for the valence quark occupation number
Substituting this result into eqn (3.7) yields
which turns out to be analytic in z in account on the above assertions on sgn(ǫ R ν =val ). The situation gets more involved when the fermion determinant is regularized. As already mentioned in the introduction the proper-time regularization requires to treat real and imaginary parts (1.8) separately. This leads to distinct treatments of ǫ ν (z) and ǫ ν (z)
* . In turn the energy functional will depend on z and its complex conjugate, i.e. E = E(z, z * ). As only the vacuum part E 0 undergoes regularization the transition from eqn (3.6) to eqn (3.7) is, in general, prohibited. Thus there are (at least) two points which may cause the regularized energy functional to be non-analytic in z. Let us proceed step by step in deriving the regularized energy functional to see how this comes about.
At this point we wish to apply the proper-time regularization scheme to the real part of the fermion determinant
The functional trace is carried out by summing over the eigenvalues * Ω n and ǫ ν (z) corresponding to the operators ∂ τ and h(z), respectively. As we intent to extract E R 0 from the expression (3.10) we need to consider the limit T → ∞. Then the sum over Ω n becomes a spectral integral
To this expression the proper-time prescription may be applied because the argument of the logarithm is positive definite Here it has to be stressed that this spectral integral cannot be obtained from the original definition of the proper-time regularization for the real part (1.9). Substituting (1.11) and (2.4) yields for (1.9)
The spectral integral (3.12) could only be obtained from (3.13) under the assumption that h and h † can be diagonalized simultaneously. At the Euclidean point this assumption is violated at quadratic order in ω 4 . Technically the difference arises from the fact that the usual rules for the logarithm have been used in order to derive (3.11) . However, the original definition (1.9) of the proper-time regularization of A R does not maintain these rules for finite Λ because the regularization curbs the Hilbert space. Stated otherwise: Different regularization prescriptions induce errors in the energy functional at order ω . It should furthermore be stressed that in deriving eqn (3.11) one has treated infinite quantities. This is avoided when the proper-time prescription is imposed at the operator level (1.9, 3.13). In section 5 we will argue from the point of the numerical results that (3.13) represents the more appropriate starting point. Nevertheless let us continue with the investigation of the expression (3.12) in particular to later on compare the various approaches for treating the ω-meson in the NJL model. This spectral integral (3.12) converges absolutely permitting in particular to shift the integration variable υ → υ − ǫ I ν (z)
Performing the Gaussian integral allows one to extract (
which obviously depends on z and its complex conjugate. In terms of the eigenvalues Ω n and ǫ ν (z) the imaginary part of the action (1.8) reads
Now it is important to note that the associated spectral integral
is not absolutely convergent. If it were one could easily eliminate the imaginary parts ǫ I ν (z, z * ) of the energy eigenvalues from the integral (3.17) by reversing the sign of υ in the denominator and subsequently shifting υ by ǫ I ν (z, z * ). We therefore need an extended definition of A I . We will later on see that the principle value prescription
yields the desired physical symmetries such as the current field identity. The integral (3.18) can now be performed using standard means
Next the shift in the integration variable υ − λǫ I ν → υ is performed. It can be shown that the associated shift in the boundaries does not contribute as M → ∞. This yields
Now the integral over the parameter λ may be done. Although A I is finite in the principle value formulation, the proper time regularization may be imposed by expressing the integrand as a parameter integral:
which does obviously not diverge as Λ → ∞. We may finally extract the imaginary part of the Euclidean energy
where we again made explicit the dependence on the complex variable z and its complex conjugate. Furthermore
are the vacuum "occupation numbers" in the proper time regularization scheme. The upper case in eqn (3.22) corresponds to the limit Λ → ∞. Previously [23, 24] the principle value description was not stated explicitly. Fortunately, due to the λ integration the asymmetries in the boundaries cancel. Thus the final result remains unchanged.
Analogously to the studies in section 2 we have then considered the total energy functional originating from the fermion determinant
in the complex z-plane. The imaginary part E I 0 is taken in its regularized form. The behavior of E(z, z * ) corresponding to the parametrization (2.9) is displayed in figure 3.1. The cuts which occur for δ = 2 stem from level crossings as described in the previous section. Otherwise E(z, z * ) exhibits a smooth behavior on the angle ϕ. Although the valence and sea parts are treated differently the above indicated non-analyticity (see the discussion starting at eqn (3.6)) due to the change of sgn ǫ R val (z, z * ) is mitigated. This is a special feature of the proper-time regularization which contains the equivalence between the limits ǫ R ν → 0 and Λ → ∞ in eqns (3.15,3.22) . This is intuitively clear because these regulator functions only depend on the dimensionless ratios ǫ R ν /Λ. The smooth behavior of E(z, z * ) in the complex z-plane for the physically relevant radius δ ≈ 1 suggests that E(z, z * ) resembles an analytic function. This, of course, would be somewhat astonishing because z * cannot be expressed as a power series in z without trading in an essential singularity. As E(z, z * ) depends on both z and z * this essential singularity should carry through to the energy functional. In order to clarify the analytic properties of the energy functional (3.24) we have also examined the corresponding Laurent series
Again we considered expansion centers located at the origin of the complex plane (z 0 = 0) and the Euclidean point (z 0 = i). The results are summarized in table 3.1.
There are several observations to be made. First, we find non-vanishing coefficients c det,n with n < 0 even for parametrizations which led to non-singular one-particle energies ǫ ν (z). Second, these coefficients obviously depend on the path (∂A) along which the Cauchy integrals
are computed. The path ∂A is again parametrized by ζ = δexp(iϕ) with (0 ≤ ϕ ≤ 2π). Even for small areas A which include the expansion center (z 0 ∈ A) the coefficients c det,n do not converge. Especially the coefficient of the constant term c det,0 varies by about 20% when decreasing δ from unity to 0.1. For both values of δ the one-particle energies were found to be analytic, see section 2. Furthermore we extract from our numerical studies that (for a given path ∂A) the coefficients c det,n decrease only very slowly as |n| gets larger. Thus we have accumulated (at least) three arguments which support the conclusion that the Laurent series (3.25) does not converge: The coefficients c det,n with n < 0 do not vanish, the radius of convergence shrinks to zero, and the Minkowski extracted by analytic continuation has a non-vanishing imaginary part. We have then considered the continuation to the Minkowski point E M =Ẽ det (z = 1). Again we find a dependence on δ. This dependence is somewhat weaker than in the case of the coefficients c det,n . We should, however, note that for the computation of E M only those coefficients which are displayed in table 3.1 were taken into consideration; i.e. |n| ≤ 4. The reason is that the numerical computation of the coefficients with larger n contains significant errors for small δ † . A further evidence for the non-existence of the series (3.25) can be deduced from the fact that E M is not real when the expansion is centered at the Euclidean point. We close our considerations on the structure of E det with the statement that the associated Laurent series has vanishing radius of convergence. Stated more drastically, the analytic continuation of E det does not exist. And in general
The Euclidean point resembles the only exception to this inequality. The non-existence of an analytic continuation for δ ≤ 1 is purely caused by the proper-time regularization of the Euclidean action. As this regularization treats real and imaginary parts of the one-particle energies differently it is interesting to consider other regularization schemes which do not have this property. The most suggestive approach would be to regularize the vacuum energy (3.3) by employing a sharp cut-off and include all states with |ǫ R ν | ≤ Λ in the summation. We have also studied the analytic properties of an energy functional defined in this way. Indeed it yields a small but finite radius of convergence. In this area of convergence the coefficients c det,n of negative index n < 0 vanish. Convergence is lost as one of the real parts of the energy eigenvalues crosses ±Λ along the path connecting Euclidean and Minkowski space. Since numerically this radius of convergence is found to be significantly smaller than unity (which is the physically relevant one) we will not further pursue this treatment of the energy functional. Furthermore a sharp cut-off regularization should be discarded because it does not even preserve global gauge invariance.
Consistency Conditions for the Energy Functional
In the last section we have learned that no analytic continuation of the regularized energy functional exists. One therefore has to reside on physical arguments, as e.g. gauge symmetry, in order to define (or motivate) an energy functional in Minkowski space. This will be the contents of the first part of this section. Actually three distinct approaches to the Minkowski energy functional are known in the literature. Historically the first to consider the ω meson in the context of the NJL model were Watabe and Toki [20] . Secondly a different calculation performed by researchers at Bochum University [21, 22] while the third approach was put forward by the present authors [23, 24] . In the second part of the present section we will examine these approaches from two points of view: (1) their relation to the Euclidean energy functional and (2) their consistency with the conditions which will be derived in the first part of this section.
A constant shift of the ω-field ω(x) → ω(x) + ω c is equivalent to a global gauge transformation and should leave the fermion determinant unchanged, at least for topologically trivial configurations. The non-regularized form of the fermion determinant † The c det,n 's are of the generic form I × δ −n , cf. eqn (2.12). Thus numerical errors in the integral I are multiplied for small δ and large n.
(3.1) can easily be seen to possess this property. This is mostly a consequence of the principle value prescription for the imaginary part of the action (3.18) . At the Euclidean point a constant shift in ω causes the imaginary part of the energy eigenvalues to change accordingly
This straightforwardly transfers to that part of the energy which stems from the fermion determinant
such that
This is just the desired result that shifting the ω field by a constant changes the energy (associated with the fermion determinant) by an amount proportional to the baryon number. This is not surprising since a constant ω c represents a chemical potential for the quarks. Since the unregularized form of the fermion determinant has been seen to be analytic it is obvious that the relation (4.3) can be continued to Minkowski space. I.e. the Minkowski energy changes by N C Bω c . We therefore require a suitable definition of the regularized energy functional in Minkowski space to transform accordingly under ω(x) → ω(x) + ω c . At this point we also recognize the reason why a sharp cut-off regularization in Minkowski space does not meet this requirement. In case ω c shifts one of the eigenvalues across this sharp cut-off this special state is dropped in the sum (3.3). Then the transformation property (4.3) is no longer valid. The same behavior can be observed for other regularization schemes, as e.g. a three dimensional momentum cutoff, which operate in Minkowski space. If one wanted to implement the transformation relation (4.3) for a three dimensional momentum cut-off in Minkowski space one would inevitably be led to a regularization function which depended on ω c . This feature is, of course, undesired. In Euclidean space, however, only ǫ R ν enters the regularization condition. Thus the sharp cut-off or three momentum regularization in Euclidean space is consistent with (4.3) because the shift (4.1) only effects the imaginary parts ǫ I ν . It should be remarked that the transformation property (4.3) holds in Skyrme type models as well. In those models the coupling between ω and the chiral field is of the form N C ω µ B µ [30] . Shifting the ω field by a constant leads to the variation of the energy *
In order to extract the baryon current one introduces an external space-dependent gauge field b µ (x) for the U V (1) symmetry. The baryon current B µ is then identified as the coupling linear in b µ (x), i.e.
. (4.5) * Other couplings appear as total derivatives of topologically trival objects and thus do not contribute when shifting the ω-field.
The action A[b] is defined by replacing V / with V / + b / in eqn (1.7). This guarantees the local U V (1) symmetry. Under the functional integral the vector meson fields may be shifted by an arbitrary amount (again up to topological defects). This allows one to transfer the dependence on the gauge field to the mesonic part of the action (1.6) and straightforwardly obtain the baryon current
i.e. the current field identity (1.2) holds. In chiral soliton models the identity (4.6) commonly is a consequence of the stationary condition for the ω-field. This condition is obtained by extremizing the Minkowski energy functional. Thus we have at hand a second consistency condition for the Minkowski energy functional. For the static ω-field this can also be interpreted as the normalization of the ω-field
We will require the equation of motion for ω(r) to provide this normalization. This normalization also has the important consequence that the inclusion of the ω meson into the soliton calculation does not necessarily lower the static energy although the number of degrees of freedom is increased. The first approach to incorporate the ω meson in the NJL soliton calculation was carried out by Watabe and Toki [20] . Their calculation was completely performed in Minkowski space. In this treatment the contribution of the fermion determinant to the energy functional has been defined as
wherein ǫ ν denote the eigenvalues of h(z = 1) (2.4). Although this is formally the analytic continuation of (3.15) it has the disadvantage that the above stated consistency conditions are not satisfied. E.g. the shift ω(x) → ω(x) + ω c leads to ǫ ν → ǫ ν + ω c and thus all powers of ω c appear in (4.8) after the shift. However, the requirement (4.3) only allows for a linear term. Furthermore as the derivative † µ
∂E
(1) 0
the normalization condition (4.7) is not satisfied. Since the analytic continuation of (3.24) does actually not exist it is not surprising that the formal continuation does not meet the consistency conditions. As these are not met by (4.8) we do not consider it as a suitable definition for the Minkowski energy functional. Soon after this, Schüren et al. [21, 22] presented an approach which assumes as starting point the Euclidean action in the proper-time regularization scheme (3.15,3.22) . In order to reach the Minkowski point these authors "interpreted" the eigenvalues ǫ ± ν of the operators h(z = ±1) as the continuations of ǫ ν (±i). Then
was defined as the contribution of the Dirac sea to the energy functional ‡ . Taking analyticity of the one-particle energy eigenvalues for granted eqn (4.10) amounts to
Apparently this interpretation cannot be characterized as an analytical continuation. Advantageously the definition (4.10) allows one to identify certain powers of the ω-field in the sence that ǫ .7) is verified by integrating eqn (4.37) of ref. [22] , which represents the equation of motion in this approach, over the whole coordinate space.
The approach of the present authors to include the ω degree of freedom into the NJL soliton calculations is based on an observation made in section 2. When investigating the analytic structure of the single quark eigenenergies it was found that in the physical relevant region the Laurent series centered at the Euclidean point contained only two significant terms, a constant and the expression linear in the complex variable z, see tables 2.1 and 2.2. Transferring this approximation to the total fermion determinant implies to identify
because at the Euclidean point the real (imaginary) part contains only even (odd) terms in ω 4 . This approximation is furthermore supported by the fact that the ambiguities for regularizing A R are of order ω 2 4 (see the discussion proceeding eqn (3.13)). By construction, the approximation (4.12) represents an analytic function of z which can be continued to Minkowski space yielding
It should be stressed that in contrast to the two other approaches the evaluation of E (3) det indeed requires the diagonalization of a non-Hermitian Dirac Hamiltonian. The oneparticle energies which are evaluated in Euclidean space enter this expression for the Minkowski energy functional whence it is clear that the condition (4.3) stemming from the global gauge invariance is satisfied. The normalization condition (4.7) is proven to hold by integrating the equation of motion for the ω profile function (Eqn (B.6) of ref. [24] ) over the coordinate space § . To conclude this section we would like to make some remarks on a possible saddle point approximation to the functional integral in Euclidean space. In this approximation the stationary conditions for the profile functions are obtained by identifying the configuration ‡ The imaginary part (3.22) has been taken in the unregularized version.
§ In ref. [24] we have considered the imaginary part of the action in the regularized as well as in the unregularized form. The consistency conditions are only satisfied for the unregularized form.
with the smallest real part of the Euclidean action. The reason is that this configuration is assumed to dominate the functional integral. The resulting equation of motion acquires the form 0 = δE R (i, −i) δϕ(r) (4.14)
where E R (i, −i) = E R 0 (i, −i) + E m (i) also includes a part which originates from the mesonic part of the action (1.6) continued to Euclidean space. Furthermore ϕ denotes the meson field under consideration. As E R (i, −i) contains only even powers of ω the saddle point equation (4.14) possesses the undesired solution ω ≡ 0. This solution does clearly not satisfy the global gauge symmetry condition (4.3). Thus the saddle point condition has to be amended in order to comply with the consistency conditions. Obviously the extremization of the functional in which the fermion determinant is replaced by the approximation (4.12) at z = 1 represents a suitable extension of the saddle point equation. Although this replacement is not unique it provides further justification for our treatment of the ω meson.
Time Components up to Quadratic Order
Up to this point the situation looks somewhat discouraging because we have merely accumulated arguments why several approaches cannot be considered correct. These approaches started on a complete non-perturbative treatment of the ω meson in the NJL soliton calculation. We have seen that then an exact analytic continuation from Euclidean to Minkowski space is impossible for the regularized module of the fermion determinant. In this section we will thus return to a perturbative type of treatment for the ω-field and investigate up to which extent one can make contact to the non-perturbative calculations discussed in the previous sections.
We start off with the Euclidean Dirac Hamiltonian h Θ + iω 4 and consider ω 4 as a perturbation to h Θ . Standard perturbation techniques * may be employed for the energy eigenvalues to illustrate the ω 4 dependence In table 5.1 we summarize the numerical results of this perturbative calculation for the low-lying states in the G π = 0 + channel which also contains the valence quark level. Again we have adopted the standard reference profile functions already used to gain the * These techniques assume a complete Hilbert space. However, regularization effectively reduces this space. results presented in sections 2 and 3. We observe that the perturbation series seems to converge quickly and that the second order (ǫ 2 ν ) is already negligibly small. Furthermore the comparison with the exact diagonalization of the Euclidean Dirac Hamiltonian shows reasonable agreement at the level of a few percent. We have observed a similar behavior for states not listed in table 5.1. This corroborates our earlier assumptions which led to the approximation (4.12).
It is then intuitive to transfer this expansion to the complete energy functional at the Euclidean point. This will then be an analytic function in ω 4 which can straighforwardly be continued to Minkowski space via ω 4 → −iω 0 . Up to quadratic order in ω 4 the energy functional in Euclidean space is given by
Here E 0 [Θ] refers to the energy functional associated with the Hermitian part of the Dirac Hamiltonian h Θ . Also the subtraction for the trivial vacuum configuration Θ ≡ 0 is contained in E 0 [Θ]. For the valence quark contributions (proportional to η val ) the application of (5.1) and (5.2) is straightforward. The corresponding calculation for the Dirac sea, which yields the regulator functioñ 5) may be found in the appendix. Here it is important to remark that this regulator function has vanishing diagonal elements (f (ǫ ν , ǫ ν ; Λ) = 0) as a consequence of the second order perturbation formula (5.2). However, the limit ǫ µ → ǫ ν is not assumed smoothly. The last term in eqn (5.4) stems from (1.6) with the gradient expansion result [15] 
In case one wants to consider the model with the imaginary † Here we do not include the effect of π − a 1 mixing. 
part of the action not being regularized the complementary error function in eqn (5.4) has to be replaced by unity. In that case the consistency condition (4.3) is satisfied. This is easy to see since for a constant ω-field ν|ω c |µ = ω c δ νµ . As already mentioned the diagonal elements do not contribute at quadratic and higher order ‡ hence the whole change under the constant shift is proportional to the baryon number. From the numerical results listed in table 5.2 we find that the expansion (5.4) is reliable at the 3 percent level although the contribution from the Dirac sea quadratic in ω 4 is unexpectedly sizable.
Although these results are encouraging we will now argue thatf (ǫ ν , ǫ µ ; Λ) in eqn (5.5) is not the correct regularization function at quadratic order. We have already remarked the unpleasant feature thatf (ǫ ν , ǫ µ ; Λ) is discontinuous as ǫ µ → ǫ ν . A second disadvantage off relates to the Minkowski energy and the resulting equation of motion for ω 0
Here we have defined the bilocal kernel
Since Ψ ν (r) = r|ν denote the coordinate representations of the eigenstates |ν of h Θ this kernel functionally depends on the chiral angle Θ. ObviouslyK(r, r ′ ) is symmetric in its arguments. The RHS of the equation of motion (5.6) is, of course, nothing but the quark baryon density in the regularized form § . Upon integration of this equation one easily verifies the normalization condition (4.7). Here the important ingredient is again the fact that the regulator functionsf has vanishing diagonal elements. By the virial theorem one can then eliminate the linear term in the Minkowski energy functional for profiles which satisfy (5.6)
Only in case that all eigenvalues of this kernel are positive the Minkowski energy is positive definite. For the numerical treatment we have discretized the radial coordinate leaving this kernel as a matrixK(r, r ′ ) →K ij . For various test profiles Θ we have found that this matrix possesses negative eigenvalues. This can easily be understood by consideringf in eqn (5.5). The dominant contribution comes from states with ǫ ν ≈ ǫ µ . Assuming ǫ ν > ǫ µ (without loss of generality sincef is symmetric) we see that the denominator is positive. On the other hand the numerator is negative because the complementary error function decreases monotonically with the argument. Thusf may assume large negative values. Stated differently, the fact that the Minkowski energy functional is not positive definite for profiles satisfying the stationary condition (5.6) is a consequence of the discontinuity off (ǫ ν , ǫ µ ; Λ) as ǫ µ → ǫ ν .
We have thus seen that counting powers of the ω-field in the eigenvalues of the Hamiltonian h Θ + iω 4 leads to an ill-defined expression for the real part of the fermion determinant in the proper-time regularization (1.9). We also conjecture that the nonpositiveness of the energy functional based on this power counting represents the reason why the authors of ref. [21] were unable to find self-consistent solutions for physically relevant parameters.
To resolve this problem let us next examine A R in more detail. In order to expand A R in terms of ω 4 one starts off at the module
Performing subsequently an expansion of
(5.10)
(5.11) corresponds to imposing the proper-time regularization scheme at the operator level. As has already been explained in section 3 the regularized form (3.15) follows from an intermediate definition of the proper-time regularization and involves the assumption of simultaneous diagonalizability of h and h † . This is exactly the point where ω 4 -power counting of the eigenvalues fails to provide the correct result for the expansion of A R . We therefore expect different results for the action functional when adopting (5.11) as starting point for expanding in ω 4 rather than expanding the energy eigenvalues. Note that the expression (5.9) is still exact in ω 4 , i.e. no expansion has been performed up to here. The vacuum contribution to the real part of the fermion determinant is then expanded up to quadratic order in ω 4 by methods which have previously been worked out in the context of quantizing the chiral soliton [27] and has subsequently been extended to study fluctuations off the chiral soliton [29] . We refer the interested reader to the appendix where the calculation is performed. The net result of this calculation is that the regulator functionf defined in eqn (5.5) has to substituted by
The corresponding replacements have also to be performed in the equations (5.4) and (5.7). The latter replacement defines the bilocal kernel K which then enters the new equation of motion and energy functionals obtained by the corresponding substitutions in equations (5.6) and (5.8), respectively. Apparently these two regulator functions (f and f ) only agree in the infinite cut-off limit, Λ → ∞. This is not astonishing because in this limit the introduction of the Hermitian conjugate of the Dirac operator is not mandatory in order to (formally) evaluate the fermion determinant. It is also noteworthy that the regulator function f (5.12) is identical to the one which appears in the moment of inertia when the semi-classical cranking approach is applied to quantize the chiral soliton [27] . This is intuitively clear because for that problem the perturbation (proportional to the isospin generators) in the Dirac Hamiltonian is also static and anti-Hermitian. In that context it has been shown that the limit
is assumed continuously (see chapter 5 in ref. [27] ). Numerically we have also verified that the associated kernel K possesses positive eigenvalues only. Thus the corresponding energy functional is positive definite for ω profiles which statisfy the modified equation of motion (K inserted in eqn (5.6)). Due to the limit (5.13) it is clear that the Minkowski energy functional withf replaced by f satisfies the consistency conditions derived in section 4. For our standard test profile we find that the second order in ω 0 contributes about -129MeV to the Minkowski energy. This is significantly smaller (in magnitude) than for the regularization functionf (see table 5 .2). Thus the numerically results put further doubts on the validity of counting ω 4 powers in the energy eigenvalues. On the other hand, employing the correct regulator function f not only satisfies our consistency conditions but also provides a quickly converging series. The zeroth and first order contributions may be read off from table 5.2. Thus we have, for the first time, available a well suited Minkowski energy functional for the NJL model which includes the ω meson. For completeness and later reference we list it here again although the (formal) deviation from (5.4) is only minor
For ω profile which statisfy the associated stationary condition this can be decomposed as
where
denotes the contribution due to the ω field. In the next step one has to construct the self-consistent solution which extremizes the functional (5.14). Unfortunately this is not an easy task. The reason is that the kernel K functionally depends on the chiral angle Θ. Thus the stationary condition for Θ requires the functional derivative of the wave-functions Ψ ν (r) with respect to Θ. Such a calculation goes beyond the scope of the present paper and we will pursue a Table 5 .3: Parameters describing the energy minimum as well the corresponding total energy in Minkowski space, see eqn (5.14). Also shown is the contribution of the ω field (5.16). different approach to find the energy minimum. First, we introduce parameters {χ} to describe the shape of the profile function Θ(r) and evaluate the corresponding eigenvalues and -energies of h Θ . These are then functions of the parameters {χ}. In a second step this allows to construct the kernel K as a function of these parameters as well. Via the stationary condition for ω 0 , eqn (5.6) withf replaced by f , also ω 0 becomes a function of these parameters. As already mentioned in the introduction this stationary condition commonly represents a constraint rather than an equation of motion. This fact furthermore justifies our procedure to parametrize the chiral angle while solving exactly for the ω profile. Technically this stationary condition is an inhomogeneous integral equation which is solved by inverting the discretized bilocal kernel K ij . Finally the parameters are tuned such that E Mink acquires a minimum. Since the main effect of the ω meson on the chiral angle is of repulsive character it is intuitive to introduce a parameter which allows to vary the spatial extension of Θ(r). In a first calculation we therefore introduce the breathing mode parameter χ = λ via for the chiral angle. Since R r is chosen such that the derivative of Θ is continuous the chiral angle only depends on R m parametrically. The results for the energy corresponding from the parametrization (5.18) may also be found in figure 5.1. Actually these two parametrizations yield almost identical results. For a constituent quark mass m < 400MeV no local minimum is obtained and the trivial minimum (E = 3m) corresponding to three free quarks is assumed. In the latter case the chiral angle gets very narrow while the ω-field tends to zero except within a vicinity of the origin such that | d 3 r ω| > 0 and | d 3 r ω 2 | → 0. As the constituent quark mass is increased the local minimum gets more pronounced. In table 5.3 we list the parameters describing the minimum as well as the resulting total energy. There λ min and R min m denote the parameters associated with the energy minimum. As already mentioned after eqn (4.7) the increase of the static energy due to the inclusion of the ω meson is no surprise although the number of degrees of freedom has been enlarged. The fact that at the minimum we always find λ < 1 corroborates the repulsive character of the ω meson. Now we are finally able to mention that the test profiles, which we have been using all the time, correspond to the parameterization (5.17) for m = 400MeV and λ = 0.86, i.e. a configuration which seems to be very close to the stationary solution. Table 5 .3 also contains the contribution of the ω meson to the energy as defined in eqn (5.16). The fact that this quantity is more sensible to the chosen parametrization than the total energy indicates that a parameter ansatz for the soliton profiles is suitable to compute the minimal energy but some refinements may be necessary when studying other quantities, e.g. radii, magnetic moments, etc. . In figure 5 .2 the profile functions which minimize E Mink in the parametrization (5.17) are plotted. In this figure the quark baryon density, b ∝RHS of eqn (5.6), is scaled such that the spatial integrals over ω/m and b coincide. Obviously the ω profile is enhanced over b at large distances leading to a larger isoscalar radius in agreement with assertion (1.3). The fact that the presence of the ω meson causes the soliton configuration to swell has also the consequences that the axial charge becomes larger and that the valence quark gets bound more strongly. These results were also obtained in the approach based on the linear approximation (4.12) [24] . We have furthermore considered fluctuations around the profile Θ R min m (r) in order to obtain an improved solution. The best we were able to achieve was a further decrease of the total energy by about 5MeV, i.e. the parametrizations (5.17) and (5.18) allow for a good approximation to exact minimum.
We should also note that we have performed the analogous calculations using the regulator functionf. In that case no local minimum was obtained. This provides a further indication why the approach of ref. [21] did not lead to self-consistent solutions.
Here we will not further discuss the results for various observables in this approach but rather make some remarks on the case when the isovector mesons ρ and a 1 are included. The previous formulas apply as well, however, the Hermitian part of the Hamiltonian has to be supplemented [19] ,
The radial functions G(r), F (r) and H(r) denote the vector (V µ = V µ · τ /2) and axial vector (A µ = A µ · τ /2) meson profiles
As the number of fields involved increases the parametrization of the profile functions entering the Hermitian part of the Hamiltonian get more ambiguous. Motivated by the breathing mode description one might, in addition to (5.17) , assume the ansätze
The choice n = 0 would be analogous to (5.17) while n = 1 is suggested by the asymptotic form of the (axial) vector meson fields in terms of the chiral angle. Two important changes in comparison to the previous studies have to be made in order to compute the total energy when the ρ and a 1 fields are included. First the mixing between the pions and the axial vector meson field leads to a different relation between the cut-off Λ and the pion decay constant f π [15] This increases the value for Λ once a constituent quark mass m is given. Secondly the vector meson mass term becomes [24] 
We are now enabled to search for a local minimum using the parametrization (5.21). In  table 5 . 4 we present values λ min of the breathing mode variable which lead to a local minima as well as the corresponding energies in the interval 0 ≤ n ≤ 2. Here we use the constituent quark mass m = 350MeV and assume the imaginary part in the unregularized from ¶ . As a reminder we should mention that without the ω meson this soliton energy is obtained to be 1010MeV [19] . We observe that a local minimal in the energy surface is obtained for n ≈ 1.5 and λ ≈ 0.58. Upon further increase of n the energy increases rather slowly. In the same way the value of the scaling parameter corresponding to the minimal energy, λ min , gets larger again. The minimum of the total energy is also characterized by the smallest contribution from the ω meson. It should be noted that the minimal energy (1376MeV) is still 326MeV above the energy of the trivial B = 1 configuration where three (almost) free valence quark orbits are occupied. Again we observe the repulsive character of the ω meson reflected by the fact that λ min < 1. In contrast to the case with only the pseudoscalar fields this leads to a somewhat smaller binding of the valence quarks. We find ǫ 0 val /m = −0.29 to be compared with −0.38 in the model without the ω [19] . This reduction seems to be due the diminishing profile functions of the (axial) vector mesons. A similar behavior has been obtained when extremizing the energy functional involving the definition (4.13) in the case that the imaginary has not been regularized [24] . As this prescription is also adopted here we recognize at least qualitative similarities. The value for the axial charge of the nucleon as obtained from the integral [24] 
increases from 0.27 to 0.48 by the inclusion of the ω meson. This is, of course, a correction into the right direction but nevertheless only about 1/3 of the empirical value extracted ¶ When ρ and a 1 fields are included the regularized baryon number deviates strongly from unity [24] in contrast to the model with pseudoscalars only.
from neutron β-decay. It has been argued that 1/N C corrections may further improve on the result for g a [32] ; these arguments have, however, to be taken with some care in respect to the symmetries of the model [33] .
As the main subject of the present paper is the investigation of the ω meson in the context of the energy functional we will not go into detail on the nucleon properties. Especially because we only have a parametrical description of the stationary field configuration rather than a self-consistent solution. The nucleon properties are most likely more sensitive to the shape of the meson profiles and the quark wave-functions than the soliton energy. Nevertheless the construction of the self-consistent solution would be an interesting path to pursue in particular in order to gain information about the nucleon properties. In this context we also wish to remark that the ω profile associated with the minimal energy configuration (n = 1.5, λ min = 0.598) does not turn out to be a smooth radial function but rather possesses small fluctuations off a monotonously decreasing function. We expect an exact solution to improve in this respect.
Summary and Conclusions
In this paper we have performed a thorough study of the analytical properties of a fermion determinant for the case that the ω-field is present in the static hedgehog configuration. This has recently been a matter of dispute in the context of the soliton in the NJL model with (axial) vector meson degrees of freedom. The fact that this model requires regularization makes mandatory the continuation forth and back from Minkowski to Euclidean space. This continuation represents an element of the transformations we have been considering in the complex z-plane defined by the Dirac Hamiltonian (2.4). As originally the fermion determinant is expressed in terms of the eigenvalues of this nonHermitian operator we first have investigated the behavior of the associated eigenvalues in the z-plane. Thereby we have confirmed an earlier result [26] that for physically motivated field configurations these eigenvalues are smooth functions along the path connecting Euclidean and Minkowski spaces. Furthermore we have demonstrated that the Laurent series of such an eigenvalue or -function indeed reduces to a Taylor series. In this way the analyticity of eigenvalues and -functions is verified. Such an analytic behavior is not a priori clear because the eigenvalues are roots of a polynomial of large degree. We have, however, encountered a different kind of non-analyticity which is caused by a level crossing. Such crossing may appear if the ω-field is sufficiently pronounced. Thus, in order to attach physical significance to a given field configuration one has to check that no such level crossing takes place along the path from Euclidean to Minkowski spaces.
In the next step we have then examined the behavior of the full fermion determinant in the complex z-plane. Formally analytical one-particle eigenvalues yield an analytical determinant in the unregularized form. However, regularization is unavoidable and introduces (at least in the proper-time scheme) the Hermitian conjugate of the Euclidean Dirac operator D / † E . As a consequence the real and imaginary parts of the one-particle eigenvalues are treated differently when summing up for the fermion determinant. This represents the main reason for the fermion determinant to be non-analytical in z. As a matter of fact the corresponding Laurent series (3.25,3.26) has vanishing radius of convergence. We therefore conclude that the analytical continuation of the Euclidean action functional to Minkowski space does not exist. This makes a derivation of the Minkowski energy functional by means of analytic continuation impossible.
In order to nevertheless obtain a sensible definition of a Minkowski energy functional we have then formulated two consistency conditions to be satisfied by this functional.
The first one says that the energy changes by N C Bω c under a constant shift (ω c ) of the ω-field as a consequence of global gauge invariance (B is the baryon number.). Secondly, the current field identity for the baryon current imposes a normalization on the ω-field (4.7). We have then examined the three treatments known in the literature with respect to these conditions. In this context only two approaches (by Schüren et al. [21, 22] and the one by the present authors [23, 24] ) were shown to be consistent. The reason is that these two approaches are motivated by the Euclidean energy functional in contrast to the treatment by Watabe and Toki [20] .
In the last section we have then investigated the expansion of the fermion determinant in powers of the ω-field. In particular we have examined the role of D / † E . For this purpose we have considered the ω-field as a perturbation to the Euclidean Dirac Hamiltonian and applied standard perturbation techniques. We have then demonstrated that at second order the bilocal kernelK in eqn (5.7) is not positive definite putting some doubts on the validity on an approach which is based on counting ω 4 powers in the eigenvalues ǫ ν . The reason is that the corresponding regularization functionf (ǫ ν , ǫ µ ; Λ) does not smoothly assume the limitf → 0 as ǫ µ → ǫ ν . A vanishing regularization function for identical arguments is required in order to satisfy the consistency conditions derived in section 4.
As a matter of fact the functional trace of the operator D / E D / † E rather than the eigenvalues of the Dirac Hamiltonian is required in order to evaluate the fermion determinant in the proper-time regularization scheme. Stated otherwise, the proper-time prescription has to be imposed at the operator level. This point of view has already been adopted previously when performing the semi-classical quantization for two [27] and three flavors [37] . We have then observed that imposing the proper-time prescription at the operator level leads to a different expansion in terms of the ω-field for the action functional. From a mathematical point of view there are two ways for understanding the different results. First, in order to obtain the regularized form of the energy functional (3.15) from the regularized action (1.9) one has to make the inexact assumption that the Euclidean Dirac Hamiltonian and its complex conjugate can be diagonalized simultaneously. It is then also clear that both expansion schemes yield identical results when the perturbation of the Dirac Hamiltonian is static and Hermitian. We have verified this for an expansion up to second order. The second explanation relies on the fact that due to regularization the Hilbert space gets restricted and thus the rules for handling logarithms are no longer valid. Adopting this explanation it becomes also clear that in the limit Λ → ∞ (no regularization) the two expansion schemes are again identical. In regard of the fact that the derivation of the functional (3.11) involves a non-converging quantity, the results for the semi-classical quantization [27, 37] , the smoothness of the regulator function f (5.12) and the existence of a local minimum in the energy surface (5.14) we consider the imposition of the proper-time regularization prescription at the operator level as the correct one. This conclusion finally prohibits an expansion of the eigenvalues ǫ ν in order to obtain the Minkowski energy functional in the presence of the ω meson. We have also seen that a series based on the expansion of D / E D / † E converges rather quickly (at least at second order).
This conclusion has enforced us to investigate the corresponding energy functional (5.14) in more detail. Employing a parametrical description of the chiral angle we have constructed the local minimum to this functional. Local minima exist for constituent quark masses m > ∼ 400MeV. We have great confidence that the one-parameter ansätze (5.17,5.18) describe the exact solution quite well. For these solutions we have confirmed the repulsive character of the ω-field. When other vector meson fields entering the Hermitian part of the Dirac Hamiltonian are included as well, a parametrical description of the Dirac Hamiltonian is more ambiguous. Nevertheless we have demonstrated that for the constituent quark mass m = 350MeV a solution exists. In particular, the result that the valence quark level joins the Dirac vacuum, which was previously obtained in calculations ignoring the ω meson [19] , is affirmed. This is again mainly due to the repulsive character of the isoscalar ω.
Let us finally add a note on similar soliton models which include the ω meson. In extended Skyrme models [11, 30, 34, 35] or the chiral quark model [36] the ω meson appears only in terms of explicit polynomials which renders the energy functional analytic in the complex z-plane. More importantly these models do actually not require regularization abandoning the need for continuation forth and back from Minkowski to Euclidean spaces.
In order to point out an interesting task to pursue in future we should mention that we have not yet solved the complete set of stationary conditions in the presence of all meson fields. In the present work we have only made plausible that such a solution exists. However, a calculation aimed at the extremization of the functional (5.14) with all meson profiles included, which are compatible with the grand spin and parity symmetries of the hedgehog ansatz, is highly desirable because we have (for the first time) available a reasonable approximation (5.14) to the energy functional of the NJL soliton model including all relevant meson fields. This should represent a well suited model for the description of static nucleon properties.
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Appendix: Regularization for Quadratic Terms
In this expansion we wish to describe the expansion of the vacuum part of the Euclidean energy functional in terms of the isoscalar vector ω-meson. The starting point is represented by the Euclidean Dirac operator iβD / E = −∂ τ − h = −∂ τ − h Θ − iω 4 (A.1) with the Dirac Hamiltonian being decomposed into Hermitian (h Θ ) and anti-Hermitian (iω 4 ) pieces, see also eqn (2.1). In order to extract the vacuum part we will only consider the limit of large Euclidean times T → ∞. We actually need to expand In the limit of large Euclidean times (T → ∞) the temporal part of the trace is replaced by a spectral integral while the trace over the remaining degrees of freedom is carried out using the eigenstates of h Θ (cf. section 3). We would like to remark that the corresponding eigenvalues ǫ The spectral integral may now be performed which results in
At this point is important to remark that this result can also be gained by the application of standard perturbation techniques to the expression for the Euclidean energy functional obtained in section 3. In a first step one expands the functional (3.24) for z = i and z * = −i in terms of the one-particle eigenenergies. Secondly, standard perturbation theory is employed to make the ω 4 dependence explicit as described in eqns (5.1) and (5.2). Carrying out this procedure up to linear order in ω 4 exactly reproduces eqn (A.6). The term of quadratic order ǫ 2 ν will be considered later. Next we turn to the evaluation of A 2 E . As the terms of even powers in ω 4 contribute to the real part of the fermion determinant we may start the definition of the proper-time regularization (1.9)
In the presence of the ω meson the operator D / E D / † E is presented in eqn (5.9). We then apply techniques which have previously been developed for the description of meson fluctuation off the soliton [29] to this expression. As the ω field is assumed to be static the expansion is also similar to the 1/N C expansion performed to extract the moment of inertia in the cranking approach [27] . The non-vanishing contributions at quadratic order in ω 4 are found to be These integrals are Gaussian and may readily be carried out. The remaining trace (tr) is computed using the eigenstates of h Θ . These manipulations then result in from which f (ǫ µ , ǫ ν ; Λ) in eqn (5.12) can be extracted after performing an integration by parts in the last term. Next the question arises whether the application of standard perturbation techniques yields the same result. As already discussed in the main part of this paper it does not! In order to see how this comes about we start from the expression of the real part of the action (3.14) and perform the spectral integration The profile functions which minimize the energy functional (5.14) under variation of the scaling parameter λ. The quark baryonic density b ∼ q † q (RHS of eqn (5.6)) is artificially scaled such that the spatial integrals over ω/m and b coincide.
